o 

(N 

-I— ' 



(N 
> 

(N 

en 

p 

o 
o 



% 



Quantum theory for a total system with one internal measuring apparatus 

Wen-ge Wang 
Department of Modern Physics, University of Science and Technology of China, Hefei 230026, China 

(Dated: July 5, 2011) 

In this paper, we generalize the standard formalism of quantum mechanics to a quantum theory 
for a total system including one internal measuring apparatus. The generalization is mainly based 
on the limitedness of the measuring ability of the internal measuring apparatus, that is, the internal 
measuring apparatus can not measure all its own properties; this limitedness implies the possibility 
that measurements performed by the internal measuring apparatus can not distinguish between some 
pure- vector descriptions and some mixed-state descriptions of the total system. The proposed theory 
has three basic assumptions, which roughly speaking have the following contents: (i) Physical states 
of the total system can be associated with vectors in the total Hilbert space; (ii) the dynamical 
evolution of a state vector obeys Schrodinger equation; and (iii) under a principle of compatible 
description and certain non-transition condition, a pure-vector description of the total system may 
imply the existence of certain mixed-state description. The principle of compatible description states 
that different mathematical descriptions for the same physical state of the total system must give 
consistent predictions for results of measurements performed by the internal measuring apparatus. 
This principle imposes a restriction to vectors in the Hilbert space and this may effectively break 
the time-reversal symmetry of Schrodinger equation. As applications of the proposed theory, the 
possibility for an n-level system to possess definite properties is discussed and a master equation is 
derived for the time evolution of a system that may have definite properties for most of the times. 
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I. INTRODUCTION 

The standard formalisni of quantum mechanics [l|, 
which has passed all experimental tests ever performed, 
is basically a theory for an external observer; it gives 
predictions for measurements performed by an external 
measuring apparatus. A topic that has received extensive 
attention since the establishment of the formalism, with 
lots of controversy, is the possibility of extending it to 
a quantum theory for an isolated, total system (like the 
universe) described by an internal observer. To achieve 
this goal, the major difficulty comes from treatment of 
the measuring apparatus, which is now a part of the to- 
tal system. This difficulty is related to the so-called mea- 
surement problem, concerning the relationship between 
Schrodinger evolution and definite outcomes of measure- 
ments. 

The above mentioned problem is of interest not only for 
pure theoretical reasons, but also for a practical reason, 
concerning designation of small measuring apparatus. In 
recent years, significant progresses have been achieved in 
technology, such that it is now a commonplace in labs 
to observe small systems at the mesoscopic scale, even 
at the microscopic scale. In principle, it is possible to 
design a measuring apparatus, whose essential part is of 
the microscopic scale. A challenging task is to know the 
condition under which a small quantum system may pos- 
sess some definite properties. Our intuition obtained in 
the macroscopic world is not so helpful for this purpose. 

Lots of efforts have been seen in the attempt of solv- 
ing the above mentioned problem (see, e.g., reviews 
given in Refs. (^tJ), most under the name of interpre- 
tation of quantum mechanics, for example, various ver- 
sions of Everett's relative-state interpretation (RSI) i5- 
[3], consistent-histories interpretations (CHI) (sHigI) first 
proposed by Griffiths [g, and De Bro glie' s pilot wave 
theory [13] and Bohmian mechanics [l^ [l^ . 

There existing so many theories, what is the reason 
for us to intend to develop another one? Besides the fact 
that there is no commonly-accepted solution to the mea- 
surement problem yet, a major motivation is as follows. 
Since Schrodinger equation has passed all experimental 
tests ever performed, here we take the relatively conserva- 
tive viewpoint that this equation and the corresponding 
Hilbert space can be taken as a starting point. One may 
note that this starting point is also taken in RSI and effec- 
tively so in CHI [i^ . As to be discussed below, although 
both of RSI and CHI supply quite general frameworks for 
quantum descriptions, neither of them gives a concrete 
condition, under which a considered system may have a 



definite property. To find such a concrete condition is 
the main motivation of our work. 

Due to the above-mentioned starting point we are to 
adopt, in this paper we are not to discuss approaches like 
the dynamical- reduction models [201 - 12 5j , which introduce 
modifications to Schrodinger equation. We are not to dis- 
cuss the approach of Bohm, either, because in addition to 
a description given in the Hilbert space, this approach re- 
quires a hidden variable, i.e., positions of particles. Here 
we consider only descriptions given in the Hilbert space. 

For RSI, to be specific, let us discuss a special version 
of it, namely, the many- worlds interpretation (MWI) of 
quantum mechanics. In the theory of MWI, when the 
state vector for a whole system splits into branches, each 
branch may have a property more definite than that of 
the whole state vector. Thus, in principle, the theory 
allows the appearance of some definite property of a sys- 
tem. However, no concrete condition has been given yet 
for branching to happen in MWI. 

It has been suggested that a combination of MWI and 
the decoherence theory [2^, [23| (see reviews given in 
0,13, I23I) ™^y <io better, with preferred (pointer) states 
in the decoherence theory related to branches in MWI 
|28| . However, a concrete condition for branching to hap- 
pen is still missing, because this approach faces the fol- 
lowing problem, which is related to the fact that decoher- 
ence in the decoherence theory is indicated by vanishing 
of off-diagonal elements of the reduced density matrix 
of a subsystem in certain (preferred) basis. That is, a 
measuring apparatus may be repeatedly used and, dur- 
ing each measuring process, some off-diagonal elements 
of its reduced density matrix may become non-negligible 
due to its interaction with the measured system. There- 
fore, at least for repeatedly used measuring apparatuses, 
off-diagonal elements of their reduced density matrices 
can not vanish forever. Relatedly, the decoherence the- 
ory faces a problem stressed by A.J.Leggett, namely, dis- 
tinguishing 'false' and 'true' decoherence |29| . 

The theory of CHI considers consistent histories. In 
this theory, when a measuring process is described by 
a consistent history within a fixed framework, a subsys- 
tem may have certain definite properties at some times. 
However, starting from a given initial condition, there 
may exist many incompatible frameworks, giving incom- 
patible descriptions (histories) . To avoid inconsistency, a 
single-framework rule is assumed, which states that one 
is allowed to adopt only one framework in a consistent 
discussion, though other frameworks are equally valid. 
(The physical origin of this single-framework rule is still 
not clear and there have been some debates in its validity 
[30, [31[.) Therefore, the present form of CHI does not 
supply a method of selecting a specific framework from 
the many incompatible frameworks [32], as a result, it 
does not give a condition under which a definite prop- 
erty of a measuring apparatus may appear. In the next 
section, we discuss our approach to the problem. 



II. PRELIMINARY ANALYSIS AND 
STRUCTURE OF THE PAPER 

As discussed above, we take Schrodinger equation and 
the Hilbert space as our staring point. As shown in von 
Neumann's analysis [1|, these two assumptions are not 
sufRcient for describing measurement. Therefore, a third 
assumption is needed, which enables one to describe mea- 
surement outcomes [33| . The main task of this paper is 
to find such a third assumption for a total system includ- 
ing one internal measuring apparatus. In this section, we 
first give some preliminary analyses in properties of the 
internal measuring apparatus, then, discuss the strategy 
to be adopted, as well as the basic structure of the paper. 

A remark: For the simplicity in discussion, in this pa- 
per, we focus on the case that the total system has one 
internal observer only |34l | . Since measuring apparatuses 
that can be controlled by one observer may always be 
regarded as forming a big measuring apparatus, without 
the loss of generality, we consider the case that there ex- 
ists only one internal measuring apparatus. 



A. An implication of the limited measuring ability 
of the internal measuring apparatus 

The main difference between a quantum theory for a 
total system including one internal measuring apparatus 
and the usual quantum mechanics lies in the internality 
of the measuring apparatus, i.e., in the former case the 
measuring apparatus is a part of the described system. 
To understand implications of this point, we need to give 
a briefly discussion in the most essential feature of a mea- 
suring apparatus, that is, it may have some definite prop- 
erties that may be used as measurement records. Let us 
use fjL to denote a possible, definite property of the mea- 
suring apparatus. To describe, within the Hilbert space, 
the fact that a measuring apparatus has a definite out- 
come after a measurement, typically, one assumes that 
the whole system has a mixed-state description after the 
measurement, which we denote by p. For example, in 
the case that with a probability p^ the whole system is 
described by a normalized vector 1^^^), the mixed-state 
description is written as p = X]-Pa'I^a')(^mI- 

The main problem one needs to solve in order to 
develop a quantum theory for a total system includ- 
ing the measuring apparatus, is to find a relation be- 
tween the above discussed mixed-state description p and 
Schrodinger evolution |^(t)), which is just the essence of 
the measurement problem. We observe that a clue to a 
solution to this problem is given by a consequence of the 
internality of the internal measuring apparatus, namely, 
the limitedness of its measuring ability. 

In fact, an internal measuring apparatus can not mea- 
sure all properties of the total system, at least, it can 
not measure all its own properties, therefore, there is 
an intrinsic limitation in its measuring ability. This sug- 
gests the possibility that measurements performed by the 



internal measuring apparatus may not be able to distin- 
guish between some pure- vector description I^I^) and some 
mixed-state description p of the total system. Indeed, if 
there may exist two descriptions, which, as well as their 
time evolutions, always give consistent predictions for re- 
sults of measurements performed by the internal measur- 
ing apparatus, then, in view of the internal observer, the 
assumption that the two descriptions can be associated 
with the same physical state of the total system will not 
lead to any physical inconsistency. We'll use this assump- 
tion as the basic content of the third assumption in the 
theory to be proposed |35j . 



B. Basic contents and structure of the paper 

The theory to be proposed is based on three basic 
assumptions. In Sec. IIIIl we give the first two basic 
assumptions (about the Hilbert space and Schrodinger 
equation) , as well as a general form of the third assump- 
tion with contents discussed in the last paragraph of the 
previous section. In particular, we call the following re- 
quirement the principle of compatible description, that 
is, two descriptions for the same physical state of the 
total system must give consistent predictions for results 
of measurements performed by the internal measuring 
apparatus. Thus, basically, the third assumption states 
that, under the principle of compatible description as well 
as some other (to be determined) conditions, there may 
exist certain relation between some mixed-state descrip- 
tions and some pure- vector descriptions for the total sys- 
tem. 

A main task of this paper is to find out an explicit form 
of the third assumption, which will be done in Sec lIVI 
We'll do this based on the following two observations. (1) 
Our experiences obtained in labs show that a recordable 
property of a measuring apparatus should have two main 
features, namely, definiteness and some type of initial- 
state independence. (2) It would be consistent to use a 
part of the standard formalism of quantum mechanics, if 
this part may turn out to be derivable from the theory 
to be proposed. We'll show that these two points may be 
used to determine most of the contents of an explicit form 
of the third assumption, apart from a concrete condition 
for a definite property of a considered system to appear; 
the two points can determine only a necessary part of the 
condition. Finally, resorting to a decoherence considera- 
tion, we'll propose the content of the concrete condition 
and get an explicit form of the third assumption. 

In Sec. |Vl we derive a mathematical expression for the 
principle of compatible description. It imposes a restric- 
tion to the initial condition, which we call Initial-vector- 
restriction. Making use of this result, the third assump- 
tion can be expressed in a concise form. The above dis- 
cussed strategy of developing the theory is schematically 
plotted in Fig. [T] In the case that an initial condition 
can not pass the consistency-checking indicated in the 
figure, the considered subsystem can not be employed as 
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FIG. 1: Schematic plot for a strategy of solving the measure- 
ment problem for a total system including one internal mea- 
suring apparatus. It starts from the internality of the mea- 
suring apparatus, which implies the limitedness of its mea- 
suring ability (A). This opens the possibility for a physical 
state of the total system to have both a pure-vector descrip- 
tion and a mixed-state description at the same time (B). The 
mixed-state descriptions may be used to predict some definite 
properties of some subsystem (C), which may give measure- 
ment records (D). With the help of the predicted measure- 
ment records, one may check the physical consistency of the 
multi-descriptions given by the assumption in part B (F), by 
making use of the principle of compatible description (E). In 
the case that the consistency-checking is passed, the consid- 
ered subsystem may be used as an essential part of a mea- 
suring apparatus (G). This imposes a restriction to the ini- 
tial condition (H), i.e., the assumption in part B is applicable 
only for those initial conditions that may pass the consistency- 
checking. 



definite properties under adequate conditions. The last 
application is given in Sec|X] for irreversible features of 
some processes. The irreversibility comes from the re- 
striction imposed by the principle of compatible descrip- 
tion to the initial condition, which may effectively break 
the time-reversal symmetry of Schrodinger equation for 
some processes. 

Finally, discussions and conclusions are given in 
Sec lXIl In particular, we discuss the main similarities 
and differences between the proposed theory and CHI 
and MWI of quantum mechanics. 



III. BASIC ASSUMPTIONS OF THE THEORY 

In this paper, we consider an isolated, total system, 
which is composed of a system TZ and its environment 
denoted by £. It is the system TZ that is expected to be 
able to play the role of the internal measuring apparatus. 
To avoid confusion, we would stress that, in the logic 
structure of the theory to be proposed, the concept of 
measuring apparatus is not a fundamental concept, but, 
is a defined concept. (The definition will be given in 
SecED) 

In this section, we introduce the first two basic assump- 
tions and a general form of the third basic assumption of 
the theory to be proposed. We assume that one does not 
need to give the internal observer a special position at 
the fundamental level of the theory. Thus, the internal 
observer may be regarded as a part of the environment 
£. 



A. The first and second basic assumptions 



a measuring apparatus. This is not strange. Indeed, ac- 
cording to our experiences, not for all initial states of a 
total system, could a subsystem of it be used as a mea- 
suring apparatus. For example, a subsystem may not be 
stable enough to be used as a measuring apparatus, when 
the temperature is too high. 

Thereafter, we use the proposed theory to discuss var- 
ious topics. In Sec lVIl we give a general discussion for 
measurement and show that the axiom of measurement 
in the standard formalism of quantum mechanics can be 
derived under some appropriate conditions. In Sec lVIIi 
we discuss the role played by decoherence; in particu- 
lar, decoherence supplies a dynamical mechanism for the 
principle of compatible description to be satisfied. 

Sections I Villi IIXI and |X] are devoted to some applica- 
tions of the proposed theory. In Sec. I Villi we show that 
the third assumption is not applicable to an isolatable 
system; this implies that it is relatively easy for an iso- 
latable system (for example, the center-of-mass degrees 
of freedom of a system) to keep coherence. In Sec lIXl 
we discuss an n-level system and show that it may have 



As mentioned in the section of introduction, we fol- 
low the usual quantum mechanics for the first two basic 
assumptions. The first one is about the state space. 

• Postulate of Hilbert space (HS): Each physical 
state of an isolated system, which is described by an 
internal observer, can be associated with a vector 
or a density operator in the total Hilbert space J^. 

We use J^, J^£, and Jf to denote the Hilbert spaces 
corresponding to the system TZ, its environment £, and 
the total system TZ + £, respectively, with J^ = J^ (g) 
Jifg. A density operator is given the ordinary ensemble 
interpretation. We remark that extension of the Hilbert 
space considered in the usual quantum mechanics, which 
is for descriptions given by an external observer, to the 
total Hilbert space discussed in the postulate of HS is a 
non-trivial extension. 

The second basic assumption is about the dynamical 
law. 

• Postulate of Schrodinger equation (SE): The 

time evolution of a vector description |^(t)) of a 



physical state of the total system TZ + £ obeys 
Schrodinger equation, 



\h^^\^(t))=H\^{t)). 



(1) 



Here, we use H to denote the Hamiltonian of the total 
system TZ + £, 



H — H-jz + He + Hi , 



(2) 



where H-ji and Hg are the Hamiltonians of TZ and £, 
respectively, and Hj indicates the interaction between TZ 
and £. We use U{t,to) to denote the unitary evolution 
operator. 



\^{t))^U{t,to)\^{to)). 



(3) 



In the case of a time-independent Hamiltonian, U{t, to) = 

-iH{t-to)/h 



B. General form of the third assumption 

As discussed in Sec. [Hi the third assumption is intro- 
duced, based on the following fact: The necessary and 
sufficient condition for a physical state of the total sys- 
tem TZ + £ to have two mathematical descriptions at the 
same time, is that the two descriptions are experimen- 
tally compatible with respect to the internal measuring 
apparatus. Since a measurement record is essentially a 
definite property of the measuring apparatus, we express 
this fact in the form of the following principle. 

• The principle of compatible description: Dif- 
ferent mathematical descriptions for the same phys- 
ical state of the total system TZ + £ must give com- 
patible predictions for the probabilities for the sys- 
tem TZ to have definite properties. 

Obviously, this principle must be obeyed in all physical 
theories. 

Then, summarizing the discussions given in Sec lH Al 
generally to say, the third assumption may have the fol- 
lowing contents: That is, subject to requirements like the 
principle of compatible description, some pure- vector de- 
scription 1^) and some mixed-state description p may de- 
scribe the same physical state of the total system. More 
explicitly, its general form can be stated as follows. 

General form of the third assumption: 

• Part I: The Part H of this assumption is applica- 
ble to a vector |^), if the application of Part H to 
this vector and its time evolutions does not lead to 
confliction with the principle of compatible descrip- 
tion. 

• Part H: For a physical state of the total system TZ + 
£ described by a vector | ^) , when certain condition 
denoted by Co is satisfied, the same physical state 
also has certain mixed-state description. 



An explicit form of Part H of the third assumption will 
be discussed and given in the next section. 

Below, we give some further remarks and comments 
regarding the general form of the third assumption. 

(1) Part I of the third assumption guarantees the phys- 
ical consistency of the theory. That is, only those descrip- 
tions that satisfy the principle of compatible description 
may be associated with the same physical state of the 
total system. 

(2) Composed of two involved parts, the third assump- 
tion has an unusual mathematical structure, not pos- 
sessed by usual physical theories. On one hand, the prac- 
tical applicability of Part H of the assumption is subject 
to Part I. On the other hand, satisfaction of Part I of 
the assumption is determined by whether predictions of 
Part H obey the principle of compatible description. This 
feature has its origin in the two-fold roles played by the 
internal measuring apparatus, namely, it is a part of the 
described total system, meanwhile it is the system that 
may check the physical consistency of descriptions of the 
total system. 

(3) In the usual quantum mechanics, it is straightfor- 
ward to show that lip) and e^^\tp) always satisfy the prin- 
ciple of compatible description, therefore, it is unnec- 
essary to explicitly mention this principle there. How- 
ever, in the theory here, with the possibility that a same 
physical state may have a pure-vector description and a 
mixed-state description at the same time, special atten- 
tion much be paid to this principle. 



IV. EXPLICIT FORM OF PART II OF THE 
THIRD ASSUMPTION 

In this section, we discuss un-specified elements in 
Part II of the general form of the third assumption given 
above, namely, the condition Co and the mixed-state de- 
scription, and propose an explicit form of Part II of the 
third assumption. As discussed in Sec lH B[ we'll do this, 
based on a part of the standard formalism of quantum 
mechanics and two features of measuring apparatuses, 
namely, definiteness and some type of initial-state inde- 
pendence. 



A. A technique to be used 

In this section, we discuss a technical method that will 
be used in our discussion of the explicit form of the third 
assumption. The method is that, in principle, we may 
imagine the existence of an external observer, who has no 
interaction with the composite system TZ + £, such that 
TZ + £ is still isolated. Temporarily, we assume that some 
part of the standard formalism of quantum mechanics 
can be used by the imaginary external observer to give 
predictions for the composite system 7?. -|- f . For the 
self-consistency of the results to be obtained, later, we'll 
show that the temporary assumption can be derived from 



the theory to be proposed, when the imaginary external 
observer is regarded as a part of a big system which also 
includes 11 + £ (see Sec|VD|. 

Specifically, we make the following temporary assump- 
tion At for the imaginary external observer. 

• At- In the case that the internal observer predicts 
that the system Ti. may have a definite property, the 
imaginary external observer may use the axiom of 
measurement in the standard formalism of quan- 
tum mechanics to predict measurement results for 
the corresponding observable of TZ. 

In principle, the imaginary external observer may com- 
municate with the internal observer for checking the in- 
formation they have, therefore, the two observers must 
give compatible predictions for definite properties of the 
system 7?.. 

In addition, note that the following assumption does 
not confiict with the postulates of HS and of SE intro- 
duced in the previous section. That is, the imaginary 
external observer may use the same pure- vector descrip- 
tion |vE'(i)) as the internal observer to describe the state 
oin + E. 



B. Definite properties described in the Hilbert 
space — R-observable 



Obviously, V^i,(E)Is is the projection operator for the sub- 
space J^^i, where l£ is the identity operator in J^/fg. For 
brevity, without the risk of confusion, we also use 7^^ 
to indicate Vf^ €5 Is in what follows. Corresponding to 
a set of projection operators Vfj., one may introduce an 
observable A{p} for the system TZ, 



H^^} 



E'^^A. 



(6) 



Now, we re-express Part II of the general form of the 
third assumption. For a reason that will become clear 
later, we assume that the condition Cd in the general 
form of the third assumption is satisfied for a time period, 
not for an instant of time. Without the loss of generality, 
we use T = [0, T] to indicate this time period. Then, the 
Part II may be expressed in the following way. 

• Part II: If a condition Cd is satisfied for a descrip- 
tion |^(t)) of a physical state of the total system 
TZ + £ for times t G T, then, at the time t = T 
the physical state of the total system also has the 
following mixed-state description, namely, with cer- 
tain probability p^ the total system is described by 
certain vector |^m) G Jfn, written as. 



pm = EpA<i*'^)(i*^ 



(7) 



In this section, we discuss mathematical description of 
definite and recordable properties of a measuring appara- 
tus in the Hilbert space. We first discuss a formal descrip- 
tion and make use of it to re-express Part II of the general 
form of the third assumption. Then, we discuss main fea- 
tures of the definite properties and introduce a concept 
of R-observable to characterize these features. Finally, 
we show that each system TZ has a finest R-observable. 



1. Formal expression of definite property 

A definite and recordable property of a measuring ap- 
paratus TZ can be labeled by a quantity with discrete 
values, which we denote by fj, as done above. The sim- 
plest way of describing such a property in the Hilbert 
space is to assume that it corresponds to a division of the 
Hilbert space of TZ into orthogonal subspaces [l[ , which 
we denote by J^fj,- Let us use T'^ to indicate the corre- 
sponding projection operators for the subspaces, which 
satisfy 



T'm^. =V^m: E^'-=^^' 



(4) 



where I-jz is the identity operator in J^. Correspond- 
ingly, the total Hilbert space is also divided into a series 
of subspaces 









n^L ' 



'-m;. 



(5) 



2. R-observable 

In this section, we discuss properties of the projection 
operators 7-"^, which may correspond to definite proper- 
ties of a measuring apparatus. We term the correspond- 
ing observable At^\ a R-observable of the system TZ. Ac- 
cording to our experiences obtained in labs (also in daily- 
life) , measurement records of a measuring apparatus have 
the following main features: 

• Definiteness. 

• Certain type of initial-state independence. (For 
certain type of initial condition, a measuring ap- 
paratus may have the same type of definite prop- 
erty, corresponding to the same set of projection 
operators 7^^.) 

These features imply that not an arbitrary Hermitian 
operator can be regarded as a R-observable. Below, we 
analyze these two features and propose an explicit defi- 
nition for the concept of R-observable. 

First, we discuss the requirement of definiteness, with 
the help of the method discussed in Sec. lIVAl In view of 
the imaginary external observer, all measurable proper- 
ties of the system TZ can be given by the reduced density 
matrix /9^(i) = Trg |*(i))(*(t)|. Suppose, in view of the 
internal observer, the system TZ has a definite value of fj, 
with certain probability within some time period. Then, 
for the consistency of the descriptions given by the two 



observers, p^{t) must be block-diagonal with respect to 
the subspaces J^mi, namely, 'P^p^{t)Vi, ex 5^^, for the 
same time period. This property of the reduced density 
matrix is usually referred to as decoherence induced by 
environment. 

More exactly, the consistency of the two descriptions 
discussed above requires that 'P^iP^{t)Vu = for ^ 7^ 
1/. Here, A = B means \A - B\ < e.^ (or \\A - B\\ < 
ex, or the like), where e^; > is a small quantity such 
that its difference from zero generates no effect that may 
be tested by experiments. Thus, from the viewpoint of 
experimental test, A ^ B is effectively equivalent to A — 
B ^. 

Next, we discuss the requirement of initial-state inde- 
pendence. We should be careful here, since due to the 
time-reversal symmetry of Schrodinger equation one can 
not expect that decoherence may happen within a finite 
time period for all initial conditions. In fact, each vector 
1^) in the Hilbert space has a time- reversal vector, which 
we denote by |^); if off-diagonal elements of the reduced 
density matrix of the system TZ decrease when the state 
vector evolves from |^o) into |$) within a time period T, 
it may happen that off-diagonal elements of the reduced 
density matrix increase within a time period T when |$) 
is taken as the initial vector. 

Therefore, we can not require an absolute initial- vector 
independence of the R-observable. Since increasing of off- 
diagonal elements of the reduced density matrix is usually 
due to some coherence possessed by the initial vector, in 
order to determine R-observable, we may consider ini- 
tial uncorrelated states, which are described by direct 
products of vectors in the Hilbert spaces of TZ and £, re- 
spectively, nameh^ |*(0)) = |V;J^)|4) with \^^) e Jf^n 
and |(/>o) G '^£ [33 ■ In fact, this type of initial state is 
often considered in the decoherence theory. 

Summarizing the above discussions and taking into ac- 
count the fact that the projection operators Vfj. are used 
in Part H of the third assumption when the condition 
Cd is satisfied, we propose the following definition for 
R-observable. 

• A R-observable corresponds to an operator A^^y 
satisfying the following requirement: For all ini- 
tial vectors with product form, |*(0)) ~ \^p^)\(j)Q), 
there exists a decoherence time r^, such that if 
the condition Co is satisfied for a time period 
T = [0, T] with T > Td, then. 



v^p'Ti{t)v. = o, v/i^t^. 



(8) 



ioite {Td,T]. 



The decoherence time t^ is usually a function of the 
value(s) of /i related to the initial condition I'tp'o')- Thus, 
more explicitly, one may write Td{{fJ-}). 

A remark: Here, the decoherence time r^ is defined 
by the requirement ||'P/iP^(i)'Piy|| < e^- It is not exactly 
the same as the decoherence time r^ usually discussed, 
which is defined by a decay to 1/e of the initial value. It 
is easy to verify the relation r^ ^ —t^ In ex- 



it is important to note that Eq.® is required to hold 
for all initial product vectors satisfying the condition Cd 
for a time period T. This implies that the existence of a 
R-observable is independent of the concrete status of the 
environment under the specified condition. In this sense, 
the R-observable can be regarded as the system's 'own' 
property. 



3. Fine and coarse- 



R-observables 



We can show that a system TZ has a finest R-observable, 
such that all its other R-observables are coarse-grainings 
of the finest one. Let us first give the definition for a 
coarse-graining of a R-observable A^^y . For this purpose, 
we arrange the labelling /z into groups labelled by ij, such 
that each p belongs to one and only one group ij. Then, 
we can define coarse-grained projection operators Vr; as 






(9) 



and correspondingly an coarse-grained observable A^^i}, 

where /(jy) is a one-to-one mapping of rj. It is easy to ver- 
ify that, if Eq. ([U is satisfied by the projection operators 
Vfj,, it is also satisfied by the coarse-grained projection 
operators Vr,- Hence, A^^^ is also a R-observable. 

Next, we show the existence of a finest R-observable. 
The key point is to note that here we consider a fixed 
set of reduced density matrices, which we denote by G^e, 
corresponding to a fixed set of initial conditions (prod- 
uct vectors) and to some times {t G {Td,T]). Obviously, 
there exists a finest division of the Hilbert space J^ 
into orthogonal subspaces, such that all the matrices in 
Gre are block-diagonal with respect to this division. We 
use Vfj,f to indicate the projection operators correspond- 
ing to this finest division; correspondingly we have an 
observable A^^^j defined by Eq.®. Clearly, by this con- 
struction, the observable ^{^i-} satisfies the definition of 
R-observable. Furthermore, since the projection oper- 
ators Vfj.j, give the finest division of J^, all other R- 
observables must be coarse-grainings of Ar^ y. There- 
fore, A^i^ y is the finest R-observable of the system TZ. 
This completes our proof. 



C. Explicit form of the condition Cd 

In this section, we discuss the condition Cd- According 
to Part II of the general form of the third assumption, 
the condition Cd has the following meaning. That is, for 
an initial state of the total system described by |vE'(0)), if 
this condition is satisfied for the time period T = [0,r], 
then, the state of the total system at the time t = T has 
a mixed-state description p{T) in Eq. ([7]). 



Making use of arguments similar to those given in 
Sec. IIV B 21 for the imphcations of definiteness, we see 
that Eq.® must hold for t — T. This requirement can 
not be fulfilled, if \\VuHV^,Yl!{t))\\ with v ^ ^iis not neg- 
ligibly small for some period of time before t ^ T. In 
fact, if there had been non- negligible transition among 
the subspaces J^ before t — T, usually the interaction 
might generate non- negligible elements of 'Pfj.p^{t)'Pi, 
with fx ^ V. Therefore, the condition Cd should in- 
clude the following contents as a necessary part, that is, 
for certain time period before t = T, there is negligible 
transition among the subspaces Jif^. 

Since Eq. dH) in fact represents a decoherence effect and 
it usually takes the decoherence time r^ for a decoherence 
effect to happen, usually the above-discussed time period 
before t = T should not be shorter than the decoherence 
time Trf. Therefore, generally, the condition Cd requires 
negligible transition among the subspaces J^^ for a time 
period T = [0, T] with T > Td- Writing this explicitly, 
we have 



1 



(^1^)1/2 



\Vj,u{t,o)v^\'^{o))\\ = 0, v/^, t e r, (11) 



where V-p = I — Vfj,. We call Eq. (fTTj) the non-transition 
condition for |^(i)) with respect to the R-observable 



M/^}- 



Note that the non-transition condition also im- 



plies stableness of the corresponding property of TZ. We 
do not see any other element that is necessary for the 
condition Cd to include, therefore, we assume that the 
non-transition condition can be taken as the condition 
Cd. 



D. Assumption of mixed-state description 
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Thus, the explicit form of the mixed-state description 
p(T) in Eq. ^ is obtained. 

Based on the above discussions and summarizing re- 
sults obtained in the previous sections, now we give an 
explicit form of Part II of the third assumption, which 
we term the assumption of mixed-state description. 

• Assumption of mixed-state description 

(MsD): If the total system TZ + E has a description 
|^(i)) that satisfies the non-transition condition 
(|11|) for a R-observable ^{^} within a time period 
T = [0,T] with T > Td, then, at the time T, with 
a probability p^ = __i__(^(r)|p^|*(r)), the 

total system is described by 7'^|^(r)). 

We emphasize again that application of the assumption 
of MsD is subject to Part I of the third assumption. 

Thus, at the time T, in addition to the Schrodinger 
evolution |^(T)), the total system also has the following 
mixed-state description. 



PiT) 



1 



{^{T)\^iT)) 



Y.'Ppi'^im^inr^. (13) 



Satisfaction of the non-transition condition implies that 
7'^|*(t)) = U{t,0)V^\^m for t e r. 

A remark: Most of the contents in the assumption of 
MsD are given based on our experiences obtained in labs 
and an appropriate part of the standard formalism of 
quantum mechanics. The part lacking such a sound ba- 
sis is the assumption that the non-transition condition 
is sufficient for the condition Cd- We'll give further dis- 
cussions in this point, as well as the possibility of exper- 
imental test, in Sec lVEl 



Now, we are ready to propose an explicit form of Part 
II of the third assumption. Before doing this, we need to 
determine the explicit form of the mixed-state description 
p in the general form of third assumption. 

Let us first consider a description given by the inter- 
nal observer, for which Part II of the third assumption is 
applicable. Suppose the non-transition condition is sat- 
isfied by |^(t)) for a time period T — [0,r]. According 
to the general form of the third assumption, this implies 
that at the time t = T the total system is described by a 
vector |\E'^(T)) with a probability p^. 

From the viewpoint of an imaginary external ob- 
server, according to the temporary assumption At, the 
standard formalism of quantum mechanics is usable 
here, predicting that if a measurement is performed 
on the observable A^^y (E) Ig, there is a probability 
(*(T)|7'p|*(T))/(*(T)|*(r)) for a value fi to come out, 
with the system 7?. -I- f in a state described by V f^l'i' (T)) . 
For the consistency of the two predictions given by the 
internal and the external observers, we get 



\^,{T)) = 



nJ^(r)) 



Pm 



{^{T)\V^\^iT)) 
{^{T)\^{T)) ■ 



(12) 



V. A CONCISE EXPRESSION OF THE THIRD 
ASSUMPTION 

In this section, we derive an explicit expression of the 
principle of compatible description and obtain a math- 
ematical expression for Part I of the third assumption. 
Making use of this result, a concise form of the third 
assumption can be obtained. We also give further dis- 
cussion for the non-transition condition and for the pos- 
sibility of experimental test. 



A. Tree structure of branching for time evolution 

Before deriving an explicit expression for the principle 
of compatible description, we first need to discuss a tree 
structure formed by the components of the mixed-state 
descriptions predicted by the assumption of MsD. For 
this purpose, we do not need to consider Part I of the 
third assumption. While, we must keep in mind that, 
only in the case that Part I of the third assumption is 
satisfied, could the branching picture given below be re- 
lated to a valid time evolution. 



Let us consider an initial normalized vector |^(to)). 
According to the postulate of SE, for a time t > to the 
state of the total system has a pure-vector description 
given by Schrodinger equation, |^(t)) = C/(i, to)l^(io))- 
Suppose the non-transition condition (jlip is satisfied for 
a R-observable ^{;^„>} within a time interval [ti, ti], with 
Ti — Ti > Td- Then, according the assumption of MsD, for 
the time ii = ti -t-r^, besides the pure- vector description 
|4'(ii)), the total system also has the following mixed- 
state description [see Eg. p^ ]. 

P(ii) = E^A<u,l*(*i))(*(^i)I^Ma,- (14) 

M(i) 

Each component in this mixed-state description evolves 
obeying Schrodinger equation, hence, 

P(i)-El*(M<i,)W)(*(M<i,)WI' fort>ti, (15) 



for a path of n splittings. For example, for n = 2 we have 
|*a(t) = |*(^° „° j(i)). Along a path a, around the i- 
th spitting, the non-transition condition (fTTj) is satisfied 




A'(i) 



wher 



I* 



(^,,,)(t))=C/(i,tl)P^,,JvI/(i,)). 



(16) 



For brevity, one may say that the vector |^(i)) ''splits" 
into the components |^(/j„))(i)) at i = ii. This feature 
is schematically plotted in Fig. [2j 

Note that, although |*(^,i,)(0> e =^(i, for t G (ii,?i), 
beyond the time ti, it is not necessary for the vector 
|\E'(^ )(i)) to lie in the subspace =^(1,, since the non- 
transition condition is not satisfied beyond ti. For this 
reason, in the subscript of ^ we write /in) in a pair of 
parentheses. 

Suppose for a component |^(^(i))(^)) of i > ti, the non- 
transition condition dTl]) is satisfied for a R-observable 

HM(2) 

Then, |* 

giving the following mixed-state description according to 

the assumption of MsD 



FIG. 2: Schematic plot for the tree structure of time evo- 
lution. Each small square represents a splitting point of 
a component and each short line with direction represents 
Schrodinger evolution of a component (branch) . Specifically, 
the tree plotted in this figure starts from an initial vector 
i*(to)), then, evolves unitarily to a time ti and splits into 
components |^(^i,is)(^i)). Then, after some period of unitary 
evolution, each component (branch) splits at a time i2, giving 



a sub-branch I ^ 



(M(1))(M(2)) 



(t)). A series of successive branches 



going from left to right form a path. Paths with different val- 
ues of /i(i) may have different times f2 and different labeling 

/i(2)- 



for a R-observable A^^^a j within a time period [t^,t"] 
with t" — r" > Td; the z-th spitting happens at the time 
^{m(2)} '^'ithin a time period [t2,T2], with T2 - T2 > Td- tf = rf + Td. 



(^j^j)(i)) may split at the time <2 = T2 + r^. 






where 



(17) 



l*(Ma)M(2,)W> =t^(i>^2)7'^(,J*(^<,,)(t2))). (18) 

These features are also plotted in Fig. [51 where compo- 
nents like |^(^n))(i)) are indicated by short lines. 

Proceeding with the above procedure, with increas- 
ing time, splitting of components may happen again and 
again. Since subscripts of ^ will become even longer, for 
brevity, we use a to indicate a sequence of splittings and 
call it a path of splitting. Explicitly, we have 



Several remarks about notations: (1) In the general 
situation here, a superscript a is added to /i, t, and t 
belonging to a path a, since the values of r^, /^(i), and ti 
may be different along different paths a. (2) We write 
the number i in the subscript of ^%^ within parentheses, 
to indicate explicitly that the corresponding projection 
operators 7^^ at different splitting points i may be dif- 
ferent. (3) A path a is in fact a function of the time t, 
hence, sometimes we write a{t). 

The short lines and small squares in Fig.[2]form a struc- 
ture like a tree. For this reason, we call one set of com- 
patible splitting points and components, which stem from 
the same initial condition like those shown in Fig. [2l a 
tree and denote it by T. We call a component in a tree, 
represented by a short line in the figure, a branch of the 
tree. 



(/i^i)(i?)^A.^2)(i^)^...^A.^„)(i^) 



(19) 



Similar to Eqs. ([T6| and p8)) . it is easy to get the 
following explicit expression for a component at a time t, 
reached through a path a. 
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I*, 



M^u{tx)r^.^^u{tzX-i)'P^^t^_,/--u{tf+,,t^)v,.^^u{tf,tu)---u{t^,^^^^ (20) 



r 



At the time t, the state of the total system can be de- 
scribed by both the vector |*(t)) = C/(i,io)|*(io)) and 
the fohowing density operator, 



Pr{t) = Y,\^a{t)){^a{t)\. 



(21) 



aeT 



The probabihty for the reahzation of a path a is 

Pait) = (*„(t)|*„(t)), (22) 

with 

Y^i^^im^it))^!. (23) 

a 

Using the relation X]u° 'Pfj." — ^ for each pair (a, i), it 
is easy to verify that 



i*(t)) = Y. \^^{t)). 



(24) 



aST 



B. Fine and coarse-grained trees 

Starting from the same initial normalized vector 
\^(to)), there may exist many trees. To see this point, 
it would be sufficient to note the following two points. 
That is, (i) the i-th splitting time if along a path a may 
in fact take any value between r" + Td and r"; (2) if the 
non-transition condition is satisfied for one R-observable, 
then, it is also satisfied for a coarse-graining of the R- 
observable. 

In this section, we show that the principle of com- 
patible description and the existence of the finest R- 
observable (see Sec lIVB"3|) require the existence of a 
finest tree among the trees starting from the same ini- 
tial condition. Specifically, let us use Tj to denote a 
tree starting from an initial condition |^(io)), which is 
obtained by taking a R-observable as fine as possible at 
each possible splitting time. Below, we prove that this 
tree T j is the finest tree starting from |^(io)). 

Let us consider an arbitrarily chosen tree T, which has 
the first splitting point at a time ti for a R-observable 



Mm}- 



Thus, at ii, with the probability Pa(ti) 



('i'(ii)|'P^|*(ti)), the total system 7^ + f is described 
by [see Eq. lfTIl) ] 



\^c.{tl))^V^^[h)) 



(25) 



with a definite value of /i, where a is just /i in this case. 
According to the definition of T^, the first splitting time 
of T^ is either ti or a time before ti. Let us consider the 
latter case, since generalization of the following treatment 



to the former case is straightforward. Then, according to 
T/, for times t just before ii, the total system is described 
by a mixed-state description with components \^aj{t))- 
To see what happens to the tree Tj at the time ii, 
we note that, for T/ to give predictions compatible with 
those of T, as required by the principle of compatible 
description, each component |^Q,^(i)) must be able to 
split at the time ii into sub-components with definite 
values of ^. (The case that \^af{t)) already has a def- 
inite value of /i can be treated in a similar way.) This 
implies that, within some appropriate time period before 
til Y^atit)) must satisfy the non-transition condition for 
the R-observable A^^^, or for some R-observable (s) finer 
than Af^f^^; we use ^{y} to denote the finest one among 
these R-observables for the component \^a}{t))- Obvi- 
ously, each subspace J^ is contained in some subspace 

Clearly, the (locally) finest R-observable ^{,y} gener- 
ates the splitting of the component |^Qj,(t)) in the tree 
Tf at the time ii. We use /3/ to denote a newly gener- 
ated path in the tree Tj at the time ti. Thus, at the 
time ii, in addition to the descriptions discussed above, 
the total system also has the following description, that 
is, with the probability {^ p ^{tijYi p ^{ti)) , it is described 
by 



\^p,{h))=V,\^o.i{tl)). 



(26) 



The component |^^^(ii)) lies in the subspace J^ that 
contains the subspace J^, hence. 



Pp|*/3,(il)) = |*;3,(il)). 



(27) 



Substituting Eq. ^ for T/ at the time ti into Eq. ((25|) . 
then, making use of Eq. (P7| . we find 



l*a(il))= E l*^/(^l))' 

/^/es»(*i) 



(28) 



where ga{ti) is the set of paths fSf for which |^^j,(ti)) 
lies in the same subspace J^f^ as |^Q,(ii)) does, that is, 

5a(ii) = {/3/:|*/J,(ii))e^M, \^a{ti)) e J^^}. (29) 

In the above discussions, ^{p} is the R-observable cor- 
responding to the splitting point at the time ii along 
the path a. It is straightforward to generalize the above 
results to the case that ^{^} is a coarse-graining of the 
R-observable at the time ii along the path a. In this 
general case, A^^y is not determined by a(ii), hence, we 
write g^{ti) for the set in Eg. ((29)) . 

Beyond the time ti, all the components |^ct(i)) and 
\'^Pf{t)) evolves unitarily. For times t before the next 
splitting time of T, the tree T/ may have some splitting 
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point (s). Since each splitting can be obtained by insert- 
ing the identity operator expressed as the summation of 
a complete set of projection operators [see Eq.(|20|)]. an 
equation like Eq. ([25)1 is still valid for these times t. Fur- 
thermore, the principle of compatible description requires 
that if \'i'a{t)) £ J^ for an arbitrary R-observable ^{p}, 
then, \'^i3j,{t)) e J^^i- A set g^ can also be defined ac- 
cordingly. 

To study the influence of the next splitting point of T, 
we note that for times t > ti the components |^Q,(i)) in 
the mixed-state description given by the tree T can be 
treated independently. Thus, we can treat each compo- 
nent |^Q,(t)) of i > ii in the same way as that for the 
whole vector |^(i)) of i > discussed above. Similarly, 
we find that an equation similar to Eq. ([28|) holds for the 
time(s) ^2 with appropriately defined set(s) gj^{t). 

Proceeding with the above procedure, finally, we get 
the following conclusion for an arbitrary time t: For each 
a{t) e T, there exists a corresponding division of the set 
{I3f{t) £ Tf} into subsets g^{t), such that 

l*a(i)>= E l*^/W) ^it^ 

|*^,(t))e jr^ if 1*^.(0) ejr^. (30) 

Since g^{t) changes only at splitting points, we can use 
the following method to determine the set g^(t) for an 
arbitrary time. That is, (i) at a splitting point of Tj that 
does not coincide with a splitting point of T, since I'i'ait)) 
is not changed, the change of g^it) is directly given by 
the changes of the paths in Tf. (ii) At a splitting point 
of T, we can use the method of obtaining Eq. (I^Hl) to 
determine the change of the set g^{t). 

The relation given in Eq. ([50)1 shows that T can be 
regarded as a coarse- graining of Tf. Therefore, due to 
the arbitrariness of T, T^ is the finest tree starting from 
the given initial condition. This completes our proof. In 
the appendix \^ we show that it is not necessary for a 
coarse-graining at one splitting point of T f to give a valid 
tree of paths. 



C. A requirement of the principle of compatible 
description 

In this section, we derive a requirement of the principle 
of compatible description. Suppose a tree T with paths a 
predicts that the system TZ may have some definite value 
/i of a R-observable -Ar^-i at a time t. This implies that, 
for each component I'^ait)), there exists one and only 
one value of fi which we denote by fia , such that 



|*a(i)> e Jf^, 



(31) 



For a given value of /i, we use s^ to denote the set of 
paths a for which ^a = M, i-e., s^ = {a : [^^(i)) £ J^}. 
The component |^ct(i)) predicts that the system TZ has 
the probability [see Eq. ip^ ] 

(32) 



to possess a definite value /i. Thus, the probability 
Pt(/^, t) for the system TZ to have the value /x at the time 
t, given by J2a ^"<"(/^, a, t), has the following expression. 



Prip^t)^ E(*"WI*"W)- 



(33) 



qGs„ 



As discussed in the previous section, there exists a 
finest mixed-state description given by the finest tree T f. 
According to Eq. (PU)) . as a result of the relation (PT)) . 
each component j^I'^^ (t)) lies in a subspace with a definite 
value of fi, specifically, |*^^(i)) £ J^^ for (3f £ ga{t). 
Let us use r^ to denote the set of paths /3/ for which the 
corresponding component lies in the subspace J^, that 
is, r^ := {Pf : |'I'/3^(i)) £ ^}. Then, the finest tree 
Tf predicts the following probability for the system TZ 
to have a definite value /i, 

PT,(M,t)= E i^PfimPfit))- (34) 

Making use of the relations given in Eg. ipn]) . it is not 
difficult to verify the following relation between the sets 
Vf,, Sf,, and g^{t), 



= U 9m- 



aesu. 



Substituting Eq. ([30]) into Eq. dSS]), we get 



(35) 



PT{f^,t)=J2 E (*/5,WI*^;.W)- (36) 

The principle of compatible description requires that 
Pr{^i,t) = Prf{pL,t). Comparing Eq.dMl) with Eq.® 
and making use of the relation given in Eq. pSI) , we ob- 
tain 

E E (*/i,(OI*/?^(0)=0, Vm. (37) 

"6V/3/#/3^GgS 

Without a complete proof, we conjecture that the va- 
lidity of Eq. ([57)1 for all the trees T and for all the times 
t implies the following relation. 



'pfP'j = Sfjffs'VpjPj, yPf.P'f £ Tf, (38) 



where 



V. 



'PfP'f -(*/3/WI*/3^(i))- 



(39) 



PT(M,a,0 = (*a(^)I^Ml*aW> 



Taking this conjecture, the principle of compatible de- 
scription requires Eas. (|30| and (|38)) to hold. 

Although we do not have a complete proof for the 
above conjecture, we do have arguments for its cor- 
rectness. In fact, for Eq. ([57)1 to hold for an arbi- 
trary tree T, generally it is reasonable to expect that 
Re(*^^(t)|*^/(i)) = for jSf ^ p,). Then, since 

(^^^^(t)|^^' (i)) is a dynamical quantity that changes 
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with Schrodinger evolution except at splitting points, if 
its real part vanishes for all the times, usually its imag- 
inary part should vanish as well. The difficulty in com- 
pleting the proof for Eq. ([55]) is related to the fact that 
mere coarse-graining of an arbitrary splitting point of T j 
does not necessarily give a valid tree (see the appendix 
R)) . although each T is a coarse-graining of T/ for the 
same initial condition [see Eg. (150)) ]. The missing part of 
the proof is to show that this restriction to the construc- 
tion of valid trees by the procedure of coarse-graining 
does not influence Eq. 



D. 



Initial-vector-restriction and a concise 
expression of the third assumption 



In this section, based on results obtained above, we 
give a concise expression of the third assumption. For 
this purpose, we first need to find an explicit mathemati- 
cal expression for Part I of the third assumption, namely, 
a condition under which all the mixed-state descriptions 
given by trees starting from the same initial condition 
\'^{to)) give consistent predictions for the probabilities 
for TZ to have definite properties. 

Below, we show that the above-mentioned condition 
takes the following form: Namely, for trees starting from 
l^(to)), there exists a finest tree Ty such that both 
Eqs. (|30p and ([55)) hold. Under this condition, it is not 
difficult to show that the principle of compatible descrip- 
tion is obeyed. Indeed, when Eq. ([501 holds, the prob- 
ability Pr{lJi,t) is given by Eq. (|55)) . Then, substituting 
Eq. ([55]) into Eq. dMj), we have 

P^{^Ji,t)^Y. E ^/3/W=E^^/W' (40) 
"esf./3/G3S(t) ^/ev 

where Ppj{t) — (^^j,(i)|^^^. (t)) is the probability for the 
realization of the path /3/ in the tree T f. Therefore, the 
probability PrilJi-it) is given by the corresponding prob- 
abilities Ppj it) according to the sum rule of probability. 
Making use of this result, it is not difficult to see that all 
the mixed-state descriptions give consistent predictions 
for the probabilities for the system TZ to have definite 
values of /i. 

It is straightforward to generalize the above discussions 
to the case that a fraction of the paths of a tree T give 
components possessing definite values of jjl. The result is 
similar; The principle of compatible description is satis- 
fied, if the two equations (|30| and (|38)) hold. 

Finally, we get the following concise expression of the 
third assumption, without explicitly mentioning the prin- 
ciple of compatible description. 

• The third assumption: The assumption of MsD 
is applicable to vectors selected by the Initial- 
vector-restriction. 

Here, the Initial-vector-restriction is defined as follows. 



• Initial-vector-restriction: Only those initial 
vectors are considered, for each of which there ex- 
ists a finest tree T/ that satisfies Ea. (|55)) and has 
the relation in Eq. (|5n| to all other trees starting 
from the same initial condition. 

Below we give several remarks concerning the Initial- 
vector-restriction. 

(1) If a vector |^o) does not satisfy the Initial-vector- 
restriction, then, at least, it can not describe a state of 
the total system TZ + £, in which TZ can be used as the 
essential part of a measuring apparatus. 

It is of interest to consider the extreme case that a vec- 
tor l^o) satisfies the Initial- vector-restriction for none of 
the subsystems of the total system. If the total system 
could lie in a state described by such a vector jvl/o), there 
would exist no internal measuring apparatus, hence, no 
possibility of experimentally checking predictions of this 
vector l^o) from inside. This would be physically mean- 
ingless for a total system without any external system 
(like the universe). In this case, it seems reasonable to 
assume that such a vector j^I^o) does not describe any 
physical state of the total system. 

(2) Physical restriction to the initial condition is not a 
new idea in physics, in particular, when dealing with ir- 
reversible processes. In fact, in studying the microscopic 
origin of the macroscopic irreversibility stated in the sec- 
ond law of thermodynamics, it has been suggested by 
many authors that there might exist some selection rule 
for the initial condition (see, e.g., [3^, |3^). Indeed, only 
for certain types of initial conditions, have master equa- 
tions been derived for open quantum systems 39, 40]. 

(3) In case that Eq. (|38| can not be rigorously de- 
rived from Eq. ()37l) . we suggest that the Initial- vector- 
restriction should be used as Part I of the third assump- 
tion, because it can guarantee satisfaction of the principle 
of compatible description and it has an explicit, mathe- 
matical expression. 

(4) This Initial-vector-restriction is irrelevant to the 
restriction used in the definition of R-observable, which 
states that only initial vectors of the product form are 
considered. In fact, as discussed in Sec lIVB"2) the re- 
striction considered in the definition of R-obscrvable has 
nothing to do with the present physical state of the total 
system under consideration. The purpose of considering 
initial product vectors in the definition of R-observable 
is just to determine the subspaces J^-jin, such that de- 
coherence may happen with respect to them, to capture 
the observed initial-state-independent feature of definite 
properties of measuring apparatuses. By contrast, the 
Initial-vector-restriction is required by the principle of 
compatible description and it selects physical-state vec- 
tors for which the assumption of MsD is applicable. 

In including this section, we show that the temporary 
assumption At given in Sec lIV A) can be derived from 
the theory proposed above. Let us consider the big sys- 
tem composed of the external observer and TZ + £. Since 
there is no interaction between the external observer and 
TZ + £, we assume that the big system is initially de- 
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scribed by \^{to)) (^ \^o), where |^o) is a vector in the 
Hilbert space of the external observer. Suppose the vec- 
tor \'${to)) satisfies the Initial-vector-restriction for the 
system TZ + E and application of the assumption of MsD 
gives paths |^Q,(t)). For the big system, application of 
the assumption of MsD will give paths \'^a{t)) (8 |^(0)- 
Here, since there is no interaction between the external 
observer and TZ + £, there is no correlation between the 
time evolution of the external observer and oi TZ + £, 
hence, for the simplicity in discussion we use the same 
\£,{t)) for all the paths a. Then, it is easy to verify that 
these paths for the big system also satisfy the Initial- 
vector-restriction, that is, they satisfy both Eas. ([30|) and 
([55)) . therefore, the assumption of MsD is applicable to 
the vector |^(t)) <E) \S,{t)) for the big system. 

It is not difficult to see that, if |^(t)) satisfies the non- 
transition condition for a period T, the same is true for 
|^(t)) iSD ICl'^))- Then, application of the assumption of 
MsD to the big system also predicts that the system 7?.+£ 
has the mixed-state description given in Eq. p^ . This is 
just what is stated in the temporary assumption At- 



Next, let us discuss what may happen, if the non- 
transition condition is sufficient for the condition Co, 
but in addition to it some further requirement is added 
to the condition Cd- In this case, the Initial- vector- 
restriction will have more requirements, as a result, there 
will be less vectors that may satisfy the Initial-vector- 
restriction. The more stringent the condition Cd is, the 
less the valid vectors will be (in the sense of satisfying the 
Initial- vector-restriction), as a result, the predictability 
and explainablility of the theory will be reduced. In this 
case, there may exist experimental results that can not 
be explained by the theory. For example, under a too 
stringent condition Cd, there might exist no vector that 
can satisfy the Initial- vector-restriction. 

Therefore, pure theoretical considerations can not 
completely determine the exact form of the condition Cd , 
i.e., whether the assumed non-transition condition in the 
assumption of MsD is indeed sufficient or not. It is exper- 
iments that may finally determine the exact form of the 
condition Cd, hence, in principle, the proposed theory is 
experimentally testable. 



E. Further discussions in the condition Cd and the 
possibility of experimental test 



VI. MEASURING APPARATUS AND 
MEASUREMENT 



In this section, we give further discussions for taking 
the non-transition condition as the condition Cd in the 
general form of the third assumption (see Sec lIV Cl and 
Sec lIVD] for previous discussions), as well as the possi- 
bility of experimental test for this choice of the condition 
Cd ■ It is important to note that Part I of the third as- 
sumption guarantees the physical consistency of the pro- 
posed theory, independent of the choice of the condition 
Cd. 

In the theory proposed above, the non-transition con- 
dition alone can not guarantee the appearance of some 
definite property of the considered system TZ. In fact, for 
the system TZ to possess a definite property, other (more 
important) requirements must also be met, namely, the 
principle of compatible description and the existence of 
R-observable. In particular. Eg. ([55]) imposes a restric- 
tion more stringent than Eq. ([S]), since the former must 
be satisfied in all the future times. 

In fact, it is experiments that may finally determine 
whether the non-transition condition is sufficient for the 
condition Cd. To see this point, let us first discuss what 
may happen, if the non-transition condition is looser than 
what is really needed for the condition Cd , but it is still 
employed as the condition Cd in the third assumption. 
In this case, the assumption of MsD will predict more def- 
inite properties than the system TZ may really possess. In 
principle, such predictions can be tested experimentally, 
by studying possible coherence among the components 
of the mixed-state descriptions predicted by the assump- 
tion of MsD. Therefore, at least in principle, experiments 
may test whether the non-transition condition is looser 
than what is really needed for the condition Cd • 



In this section, we use the theory proposed above 
to give a brief discussion for measuring apparatus and 
measurement process, in particular, for the contents of 
the axiom of measurement in the standard formalism of 
quantum mechanics. 

Let us first give a definition for measuring apparatus 
in a general sense. If the total system lies in an initial 
state described by \'^o) that satisfies the Initial- vector- 
restriction, then, according to the assumption of MsD, it 
is possible for the system TZ to have some definite proper- 
ties within some time periods in the future. In principle, 
such a system TZ may be used as the essential part of a 
measuring apparatus; in the case that 7?, is a microscopic 
system, some auxiliary system is needed to amplify in- 
formation contained in TZ. 

Usually, a measurement should have the following two 
features: (i) The interaction between the measuring ap- 
paratus TZ and the measured system may induce transi- 
tion among the subspaces J^f^ related to a R-observable 
Aj^j. of 7?,; and (ii) after a measurement process, the 
measuring apparatus has some definite value fj, of the R- 
observable. 

Next, we show that, for appropriately designed mea- 
surement schemes, it is possible to derive the contents of 
the axiom of measurement in the standard formalism of 
quantum mechanics. Let us consider a measurement on 
an observable i? of a system S, with normalized eigen- 
vectors \b), B\b) = b\b). Suppose the initial vector has a 
product form, satisfying the Initial-vcctor-rcstriction, 



\^{to))^(J2c,{to)\b)]\Ro} 



(41) 
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where \Rq) G J^ is normalized. The measured system 
5 is a part of the environment £ oi TZ. For brevity, in 
this section, we do not expHcitly mention other systems 
in the environment £, though they do exist. 

Schrodinger evolution of |^(io)) in Eq. (|4T]) can be 
written as 



\^{t))=Y.C,{t)\b)\R,{t)), 



(42) 



with normalized \Rb{t)). Suppose the interaction process 
can be designed, such that, for a time ti, (i) each \Ri,{ti)) 
lies in a subspace Jifnfj. and can be written as |i?^(&)(Ti)), 
where /i is a function of 6, with /x(6) ^ fJ-{b') for b ^ &', (ii) 
within a time interval [Ti,ii] with ti — ti > t^;, the non- 
transition condition dill) is satisfied. Then, at the time 
ti, according to the assumption of MsD, in addition to 
the description |^(i)), the composite system TZ + S also 
has the following description: Namely, with a probabil- 
ity |Ca(ti)|2 = |Ca(Ti)|2, it is described by |&)|i?^(,)(ii)), 
with S described by \b) and 7?. possessing a definite value 
of /i. The value of b can be inferred from the value of /i 
obtained after the measurement, which in principle can 
be recorded (perhaps after some amplification process). 
Thus, we get the basic contents of the axiom of measure- 
ment in the standard formalism of quantum mechanics. 
The above discussions show that there is no "collapse 
of state vector" in the theory proposed in this paper. 
Here, a mixed-state description p for the total system 
may appear, just because it may describe the same phys- 
ical state of the total system as a pure- vector description 
|*(t)) does. 



VII. DECOHERENCE MECHANISM 



where |*,,(t)) =P,J*(i)) and 

H,, = V^HV,, = V,MnV^ + V,MiV^ + H^V,, . (45) 

Note that H^ is an operator acting in the subspace 
■J^nti ® ■^£ ■ Equation (|44|) has the following formal so- 
lution, 

|*^(i)) = exp i-iH^t/h) 1*^(0)) for t € T. (46) 

Next, we discuss an implication of the non-transition 
condition. The non-transition condition (|lip for the 
time period T is in fact equivalent to the relation 
VjcIiV ^\'^ {t)) = 0, hence, is equivalent to 

VT,HnV,,\^{t)) = -VjrHiV^\-^{t)) V/x, t e T. (47) 

Note that the operator V-^H-jiV^ on the left hand side of 
Eq. (|Tf|) has trivial action in J^£ , the Hilbert space of the 
environment £, while the operator VjuHiVfi on the right 
hand side has non-trivial action in J^e. Hence, generally, 
the non-transition condition requires that for all values 
of /I and for t G T, 






(48) 
(49) 



Note that an important case in which Eq. (|48)) is satis- 
fied is that VjrHTzVf^ = 0, or equivalently. 



[i/K,A{^}]-0. 



(50) 



In this case, the subspaces J^^i are approximately eigen- 
subspaces of H-ji and the corresponding definite property 
of TZ is stable as long as the interaction is weak. 



In this section, we first discuss the time evolution of 
the total system when the non-transition condition is sat- 
isfied (Sec lVIl!51) . Then, making use of the results ob- 
tained, we discuss the decoherence mechanism for the 
existence of R-observable (Sec lVHB]) and for Eq. ([38l) to 
hold fSec lVirC]) . 



A. Time evolution under the non-transition 
condition 

Let us first discuss the time evolution within a time 
period T = [0,2^], in which the non-transition condi- 
tion Eq. pTJ) is satisfied. This condition implies that 
P^iJP,J*(t)) = 0, hence. 



V^H\^it)) = V^HV^,\^{t)) V /i, t e r. 



(43) 



That is, Vfj. is effectively commutable with H for the 
vectors |^(i)) within this time period. Then, multiplying 
Schrodinger equation ([IJ by V^ from the left, we get the 
following equation of motion, 

\h^^\^,Xt))^H^\^^{t)) ioTter, (44) 



B. Decoherence mechanism for the existence of 
R-observable 

In this section, we show that Eq.® in the definition of 
R-observable, which is in fact a decoherence effect, can be 
written as a requirement in the property of a generalized 
(quantum) Loschmidt echo. Then, we discuss a condition 
under which an observable ^{^} can be a R-observable. 

To reveal the mechanism for Eq. ^ to hold, we express 
its left hand side in terms of quantities in Jifg , similar to 
a method used in the study of preferred pointer states 
j48l |49| . For this purpose, let us consider an arbitrary 
basis in the subspace J^^^, which we denote by \m^) S 
J^^. In this basis, Eq. ([5]) has the following equivalent 
form, 



(m^|Tr£[|vE'(t))(vI/(t)|]|n.)=0 



(51) 



for t G [t^,?"] and for all m^ and 71^ of ^ 7^ z^. Making 
use of the expression |^p(i)) = Vf_i\'i>{t)) and the formal 
solution in Eq. p6|) . it is not difficult to find that Eq. ([5T|) 
can be written as 

(*(0)|e'^-*/''|n,)(m^|e~'^''*/'"'|*(0)) = 0. (52) 
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Let us consider initial vectors of the product form, as 
required in the definition of R-observable, 



i*(o))= EE^"v(o)i' 



100 



(53) 



with \4>q) (z M'g,. If the non-transition condition does not 
impose too stringent restriction to the coefficients c™^ (0) , 
then, due to the arbitrariness of the coefficients Cm^(O), 
Eq. ()52p is equivalent to the following requirement, 

(</.o|«|e'«^*/''|n.)(m,|e-'^-*/''|m;,)|0o) = 0. (54) 

Finally, introducing the operator 

K„,.,„,(t):=(mJe-'«-*/^|mp, (55) 

which represents a non-unitary evolution in the Hilbert 
space of the environment £, we find that Eq.® has the 
following form, namely. 



LG{i) = 



for t G [Td,T] and for all tti^ 
where 



and 



(56) 
of /i 7^ I/, 



LG(t):=(0o|^J„„,(t)K.,™;,(t)|0o) 



(57) 



is the overlap two non-unitary evolutions in the Hilbert 
space of the environment. 

The quantity Lq (t) defined in Eq. (|57p has a form sim- 
ilar to the so-called quantum Loschmidt-echo amplitude. 
To see this point, we recall that, as a measure of the 
stability of the quantum motion of a system under small 
perturbation, the quantum Loschmidt echo is defined as 
the overlap of the time evolution of the same initial state 
I ■0(0)) under two Hamiltonians Hq and Hi [4ll |. 

Mit) = |m(t)|2 = |(^(0)|e'^i*/'"'e-'^"*/'^|V(0))|2. (58) 

Decaying behaviors of the Loschmidt echo with small dif- 
ference between Hq and Hi have been extensively studied 
in recently years (see review given in Ref.[42l). In par- 
ticular, when the two systems Hq and Hi are quantum 
chaotic systems, or quantum integrable systems possess- 
ing classical counterparts with sufficiently large degrees 
of freedom, the echo has typically an exponential decay 

Loosely speaking, the following four factors are respon- 
sible for the decaying behavior of the Loschmidt echo 
M{t). That is, (i) Schrodinger evolution of the two sys- 
tems Hq and Hi start from the same initial condition; (ii) 
there exists some difference between Hq and Hi ; (iii) the 
Hilbert space is sufficiently large, such that there is no 
finite-dimension effect in the separation of the two tra- 
jectories (evolutions) in the Hilbert space. Indeed, when 
these three requirements are met, the two systems have 
different trajectories in the Hilbert space, separating with 



increasing time. If, furthermore, the following fourth re- 
quirement is met, i.e., (iv) at least one of the two sys- 
tems has sufficiently irregular motion in the Hilbert space 
within the time period of interest, then, the Loschmidt 
echo may have a fast decay, usually, an exponential decay. 

Similar arguments are also applicable to the quantity 
Lcit). Indeed, Lg(0 i^ also an overlap of two evolutions 
starting from the same initial condition. The definition 
in Eq. ((55t suggests that if the unitary evolution under 
H^ is sufficiently irregular, the operators Vm^m' {t) may 
generate somewhat irregular motions in the Hilbert space 
of the environment. Then, if there are sufficient differ- 
ences among the effects of 7J^ and if the Hilbert space 
of £ is sufficiently large, it is reasonable to expect that 
the quantity |iG(OI has a fast decay, like the Loschmidt 
echo. In this case, Eq. ((5^ may hold, as a result, ^{^j 
may be a R-observable. 

To summarize, ^{^} may be a R-observable, when the 
following requirements are met: 

1. The operators Vm ,m' {t) generate sufficiently irreg- 
ular motion in the Hilbert space of the environ- 
ment. 

2. The effective Hamiltonians i/^ have sufficiently 
different influences in the motions generated by 

3. The Hilbert space of the environment £ is suffi- 
ciently large. 



C. ©qq' expressed as a generalized Loschmidt echo 



In this section, we show that Eq. ((38)) may hold due 
to a mechanism similar to that discussed in the previous 
section. When Eq. ^^ holds, as a resuU of Eq. ([301), all 
other trees have a similar property, i.e., 



Pn 



^OiO.' ^OiOi ^ 



Va, a' e T and VT, (59) 



where 



2?aa' :=(*„(t)|*a'(i))- 



(60) 



Below, we show that Pqq' can also be expressed in the 
form of a generalized Loschmidt echo. 

For the above mentioned purpose, it would be more 
convenient to rewrite the component [^^(i)) in Eq. ([^0]) 
in a form with respect to the times ti and Ti. The rea- 
son is that the non-transition condition (|lll) is satisfied 
within the time intervals [r" ^Tf\. Making use of Eq. (H^ 
for the time intervals [t",Tj"], we can write |^a(i)) in 
Eq. (PO]) in the following form. 



|^a(i))=M^c(i,MI*(io)), 



(61) 



where 



W^{tM) = Vit.rZ) V^^JtZ^tZ) V{tZ,tZ_i) 

■ ■ ■ U^%. (r^, T2")C/(r2", ?f )C/^= (?f , rf )[/(rf , to), (62) 
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with the foUowing definition of Un 






U^{t',t):^exp\--{t'-t)H, 



(63) 



In the derivation of Eq. (|5T|) , we have used the following 
property related to times tf g (r" , r" ) , namely, 



U{T^X)V^.rUitf,Tn = C/^= (Tr,rf ), 



(64) 



which can be obtained by making use of Eq. (|43p . For 
t e {t^,t"), the operator Wa{t,to) can be obtained by 
replacing the first two terms on the right hand side of 
Eq. (in2DbyC/^=^^(i,r;^). 

The operator Wa{t,to) generates a time evolution in 
the total Hilbert space, given by a sequence of unitary 
operators U in the total Hilbert space J^, separated by 
unitary operators C/^ acting in subspaces J^^. As a prod- 
uct of Us and C/^s, Wa{t, io) is no longer a unitary opera- 
tor in the total Hilbert space J^. Making use of Ea.(|6T|). 



Do^c' - {^{to)\Wl{t,to)Wa.,it,to)\^ito)). (65) 

Obviously, like Lcit) discussed in the previous section, 
Daa' expressed in Ea. ([S5|) can also be regarded as a gen- 
eralized Loschmidt-echo amplitude, with unitary opera- 
tors in Eg. ([55)1 replaced by the operators W. 

Then, arguments similar to those given in the previous 
section for Lcit) can be applied to the quantity Daa', 
as well, giving the following results: Equation (1591) may 
hold, when the following requirements are met: 

1. The operators Wa{t,tQ) generate sufhciently irreg- 
ular motion in the total Hilbert space. 

2. The differences among iJ^ should be sufficiently 
large, such that Wa{t,to) of each two different 
paths generate sufficiently different motions in the 
Hilbert space. 

3. The total Hilbert space is sufficiently large. 



VIII. APPLICATION I — ISOLATABLE AND 
NON-ISOLATABLE SYSTEMS 

In this section, as an application of the theory proposed 
above, we show that a system which is isolatable from its 
environment for a sufficiently long time period does not 
have a practically meaningful R-observable. We still use 
TZ to denote the considered system in this section, even 
though a system without a R-observable can not be used 
as a measuring apparatus. 

Suppose there exists an initial normalized vector with 
a product form, |*(0)) = |'0o^)|0o)i ^r which the system 
TZ is isolated from its environment £ for a practically- 
infinitely-long time period T in the following sense. 



Making use of Ea. (|66|) . we find that for t G T, 

g-iHt/'^|^(0)) = e-'"^*/'''\iP^)e-'"^*/''\4). (67) 

Making use of the definition of the reduced density ma- 
trix of the system TZ, it is straightforward to verify that 
its elements in a basis {|m^t)} of the subspace J^^ (used 
in Sec I VII 51) can be expressed as 



Substituting Eq. (|67|) into Eq. (|68| . one has 



Hil'^it)) =0 ioTteT^ [0,T]. 



(66) 



for t E T- Therefore, usually, Eq. (|S]) can not hold if 
the initial vector has non-zero components in the two 
subspaces J^ and ^. 

Then, since the time T is practically infinitely long, 
according to the definition of R-observable, in a practi- 
cal sense, this system TZ does not have a R-observable. 
Without a R-observable, the assumption of MsD is not 
applicable to the system TZ. 

As an example of isolatable system, let us consider the 
center-of-mass (COM) degrees of freedom of a physical 
system, with its COM degrees of freedom taken as the 
system TZ and its internal degrees of freedom taken as a 
part of the environment of TZ. If it is in principle possible 
for this system TZ to be uncoupled from its environment 
for a very long time period such that Eq. ()66|) holds, then, 
this system TZ does not have a R-observable. This im- 
plies that, in principle, quantum interference effect may 
be observed for the motion of the COM of appropriately 
prepared systems, regardless of their masses. Indeed, up 
to now, no upper bound has been observed experimen- 
tally for the size of a system whose COM motion may 
exhibit quantum interference effects. 

It is straightforward to generalize the above discussions 
to the case that the time T is long, but not practically 
infinitely long. In this case, the system TZ may have a 
R-observable, but with a quite long decoherence time r^. 

Finally, we give a brief discussion in some implica- 
tions of the above results. The above discussions show 
that for a system TZ to have a R-observable, it must be 
non-isolatable from its environment. In other words, 
there should exist a part of the environment of TZ, 
which is always accompanying TZ with sufficient inter- 
action and is always inducing decoherence to the system 
TZ. Some properties that the accompanying environment 
should have in order to guarantee the existence of a R- 
observable and the validity of Eq. ([55)) . have been dis- 
cussed in Sec lVHBI and Sec lVIICl 

In particular, Eq.()38|) requires that a difference in some 
steps of two paths should have its decoherence effects in 
all the future times. Clearly, this requirement can not 
be met by a general Hamiltonian. In other words, it 
imposes a restriction to the Hamiltonian of the total sys- 
tem. As an example, we may consider an atom, which is 
always interacting with the background electromagnetic 
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(radiation) field. Indeed, an atom has a quite specific in- 
teraction with the radiation field, determined by QED. A 
difficulty met in this study is the ultraviolet divergence; 
that is, how to treat the renormalization scheme in the 
study of decoherence. This is a quite complex problem 
and we would leave it to future investigation. 



IX. APPLICATION II — AN n-LEVEL SYSTEM 

In this section, we discuss a model, in which an n- 
level system interacts with a chaotic environment. In this 
model, more explicit results may be obtained following 
discussions given in Sec lVII Bl and Sec. IVII Cl 



where 



C/^^(t,0)-exp{-iti?^/n}. (76) 

Then, making use of Eq. (iTSl) , it is seen that 

U^{t) - (^(0)|e'*^'/''e-'</''|</>(0)) (77) 



is a Loschmidt-echo amplitude defined in Eq. ([58|) . 

To get an explicit estimate to |/iy^(i)|, let us consider 
an environment that can be modelled by a quantum 
chaotic system [50|- In this case, the decaying behav- 
ior of the Loschmidt echo is separated by a perturbative 
border £p, which can be estimated by j44 | 



A. Energy eigenstates and R-observable 

We consider an n-level system with normalized energy 
eigenstates denoted by |/i). 



Hn\^x) ^ E^\^x) for ^^ = 1,2,. 



,n, 



(70) 



and projection operators V^ = \^){^\. To find out a 
condition under which the corresponding observable ^{^} 
can be a R-observable defined in Sec. IIVB2[ we should 
consider a time interval T = [0, T], within which the non- 
transition condition (|lip is satisfied for an initial vector 

of a product form, |^(0)) = (X^uCmIm)) \4>{^))^ where 
|(/)(0)) is a normalized vector in the Hilbert space of the 
environment £. 

In this model, off-diagonal elements (/i|/0^|j^) with /i ^ 
V can be expressed in terms of the Loschmidt echo. To 
show this point, let us write Schrodinger evolution |\l/(i)) 
in the following form. 



I*W) = EcmIm)I0mW)- 



(71) 



Substituting Eq. (|7T|) into the definition of the reduced 
density matrix p^ , it is ready to find that 



Wn^)\y) = c^c:/.^(<), 



(72) 



where f^f_i{t) — {<j)y{t)\(j)^{t)). To find out an explicit 
expression for f^^(t), one may substitute Eq. (j7ip into 
Eq. dm), getting 



in^^\Mt)) = HJi\cb^it)), 



(73) 



where 



i?^ = {f,\H\^,) =E^+He+ Hi (74) 



is a Hermitian operator in the Hilbert space of the envi- 
ronment f , with Hj = {^\Hj\fj,). Hence, 



\Mt)) = u'itM<t>m, 



(75) 



^^^pVnd - ^v\ 



(78) 



where eV 



Hii, 



Hf^ and V^^ is the average of 
|(n|F|n')p with n ^ n' . Here \n) denote the eigenstates 
of H^ , A is the mean level spacing of H^ , and a^ is the 
variance of the diagonal elements (n|V^|ri). Below and 
above the border gp, typically, the Loschmidt echo has a 
Gaussian and an exponential decay, respectively. 






(79) 
(80) 



where F = 2TTe^V^JA [43!-|46|. 

For a large environment, A is small, hence, the bor- 
der Ep is low and usually one is interested in the case of 
e > Ep. In this case, the Loschmidt echo has the exponen- 
tial decay in Eq. ((SO)) , as a result, {fi\p^{t)\i^) becomes 
negligibly small for times beyond a decoherence time r^. 



Td = khA/[TTe^V- 



dJ' 



(81) 



where fc is a number determined by the accuracy re- 
quired. This exponential decay of the echo stops when 
its saturation value is reached, which is inversely propor- 
tional to the dimension TV of the Hilbert space of the 
environment (46j. For a sufficiently large environment, 
the saturation value is (effectively) zero. 

Finally, let us discuss the condition for ^{;^} to be a R- 
observable. First, in the case of a constant F, \fi,p{t)\ = 1 
[see Eq. d77|) ] and r^ = oo [see Eq. (IHTj) ]. hence, there is 
no decoherence induced by the environment and Eq. ([5]) 
can never be satisfied; in this case, A^^^y can not be a R- 
observable. Second, for a non-constant V with a non-zero 
V^^, the Loschmidt echo decays with time, characterized 
by the decoherence time r^ given in Eq. (j81l) ; in this case, 
Aj^} can be a R-observable. 

Summarizing the above discussions, we reach the fol- 
lowing conclusion: For an environment that can be mod- 
eled by a quantum chaotic system, Ai^y is a R-observable 
of the system TZ, if the environment is sufficiently large 
and there are sufficient differences among Hf . 
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B. Di3a expressed in the Hilbert space of the 
environment 



The condition under which Ea. (l59l) may be satisfied 
can be discussed in a way similar to that given in 
Sec. lVIICl In the present model, we may express 13 /jq in 
terms of quantities in the Hilbert space of the environ- 
ment. 

For the simplicity in discussion, let us consider an ini- 
tial vector |*(to)) = Imo)I'/'o), with |0o) e Jifg. Making 
use of Eq. (|61|). the component \'^a{t)) can be written as 



of physical states only for initial conditions satisfying the 
Initial- vector- restriction. 

A quantity that can characterize the irreversible fea- 
ture of branching is von Neumann entropy for the total 
system, 



S{t) = -Tr{plnp}. 



(87) 



Substituting the mixed-state description pr{t) m 
Eq. dHI) into Eq. §7^ and making use of Eq. ([22]) for 
the probability for the realization of a path a, we have 



i*oW) = Ei/^)|'^mW)' 



(82) 



5T(<)=-EPa(t)lnPa(t). 



(88) 



where 



\r^{t))^{fi\W^{t,to)\fio)\<l>o)- (83) 

Making use of Eq. ((62l) , we find that 
{,,\W^it, to)|Mo> = n.M^„, it, r^)) Uf,.^^ {t:,t:) ■ ■ ■ 

•t^M^, (^^, T2")i;. ^^= ^ (t-2", ?r)t/^^« ^ (?r, ^nn-f.^Mo {r?Mm 

where Ul^{t,t') is defined like the one in Eq. ([76| and 

Y^^,{t,t') = {^^\U{t,t')\^^'). (85) 

The operator y^^/ , though an operator in .jZ/fg , in fact 
represents transition between subspaces ^^ and .J^' in 
the total Hilbert space. 

Thus, Dj3a = (^/3(i)|\E'o!(i)) has the following expres- 
sion in the Hilbert space of the environment. 



When no branch-splitting happens, Sxit) keeps constant 
as a result of Schrodinger evolution; while, at each split- 
ting time tf along a path a € T, the entropy Srit) ob- 
tains a discontinuous increment. Therefore, Srit) may 
increase but never decrease with increasing time. Inter- 
estingly, since the system TZ may get some new definite 
value fj, at each splitting point, each increment of the von 
Neumann entropy is accompanied with the possibility of 
a measurement, i.e., the possibility of gathering informa- 
tion. 

One may note the following differences of the entropy 
S'x(t) in Eq. (j88p from the thermodynamic entropy. That 
is, Sxit) increases without any upper bound; it is usu- 
ally un-measurable, since different branches may have the 
same value of fi. An entropy that may have an upper 
bound will be discussed in the next section. 



•^MM° UL ---UL Kc „c UL Kc. „„Uo),(86) 

; depend' 
written explicitly. 



where the dependence of Uf^ and Y^^i on times is not 



X. APPLICATION III — IRREVERSIBILITY OF 
BRANCHING PROCESSES 

In this section, we discuss the effectively-irreversible 
feature of the proposed theory and, as an application, 
we use the theory to derive a master equation for an 
appropriate process. 



A. Irreversible feature of time evolution 

The branching picture of time evolution discussed in 
Sec IV Al ls not time-reversible. This is not in confiiction 
with the time-reversal symmetry of Schrodinger equa- 
tion, because the branching picture represents a property 



B. Master equation for an ideal case of branching 

In this section, as an application of the theory proposed 
above, we derive a master equation for the probabilities 
for the system TZ to take definite values of /j,. 

For the simplicity in discussion, we consider an ideal 
case, in which all the time intervals [Tj'^j^,?"] are very 
short such that the non-transition condition is satisfied 
for almost all times along the paths. This is a good ap- 
proximation in some practical situations. For the same 
reason, we assume that the branching times tf , as well 
as the times r" and r" are path-independent, thus, we 
can drop the superscript a in the labeling of these times. 
Moreover, we consider one R-observable As^^-^ only. 

Since the non-transition condition is satisfied for al- 
most all the times, the system TZ has a definite value of 
/i for almost all the times along the paths. We use p^{t) 
to denote the probability for TZ to have a definite value 
/i at a time t, 



a with !*„(*)) GJ>?',. 



(89) 



Using this quantity, we can define an entropy for the 
measuring apparatus 7?,, 



Suit) ^ ~Y.P^^i^)^'^P^^^)■ 



m 
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This entropy may have an upper bound and is in principle 
measurable. 

Below, we derive a master equation for the time evolu- 
tion of p^(i). Let us consider a path a that ends at a time 
t beyond a branching time i„, with \'i'a{t)) expressed in 
Eq. ([20|). At a time tn+i, this path splits, resulting in 
paths we denote by \'^0{t)) for t beyond f„+i, with 

/3 = (a-^ ^(„+i)(i„+i)), (91) 

1*^(0) = [/(i,i„+i)7'^(„^„C/(i„+i,i„)|*a(i„)>-(92) 

The probability for the realization of a path /3, 
Pj3{tn+i) = (vI'^(i)|vE'/3(i)), can be written as 

P/sitn+l) = ^7i{a, fJ-{n+l))Pa{tn), (93) 

where r„(a, /i(„+i)) is defined by 



r„(a, ^) 

1 



■^a{tn)\U\tn+l,tn)V^,U{tn+l,tn)\^4tn)).{M) 



Pa{t 

From Eq. (|5^ we have 



E 

a with ju' 



^ct I, ''n / ■ 



(95) 



(")" 



For a given value of /i(„+i), say, /i, the path /3 is deter- 
mined by the path a, hence, similar to Eq. (j95p . for the 
time i„+i we have 



Pm 



(in+l)-E^^(*"+l)l 



M(„+l)=M 



(96) 



We denote by r„(/z', ^) the average of r„(Q;, fj.) over those 
paths a that have a given value /i' of /x? s , 



r«(Ai',Ai) = -TT Yl 



r„(a,^), (97) 



a with }!?' ■)— M' 



where 



AA= 5] 1. (98) 

a with /x? -v— m' 

Then, we can write 

r„(a,/x) =r„(/i^„),/^) + 5r„(a,/i), (99) 

where ^r„(a,/i) denotes deviation of Tn{a,fi) from its 
average value r„(/i? x,/i), with average taken over paths 
a having the same value of /i? s . Substituting Eq. ([M)) 
with jj, = ^(„_|_i) into Eq. (^51) . then, substituting the 
result into Eq. ([96)) . we have 

p^(i„+i) -^r„(Mf„),A^)Pa(t„) + Ap, (100) 



where 



Ap-^<5r„(a,M)P„(i„)- (101) 



The summation over all the paths a is equivalent to 
a summation over those paths a with a fixed value of 
/i? X = /i', followed by a summation over /i'. Hence, 
making use of Eq. (1^51) , from Eq. (|100p we have 



(102) 



Pm(Wi) = Y^n{lJ'',fJ.)P^L'{tn) + Ap. 



To give an estimate to Ap, we note that by definition 
the average of 5r„(a,/^) is zero and ^^ Pa{t) = 1. This 
implies that, when the number of a is sufficiently large, 
Ap is usually negligibly small. In fact, in the case that 
STnict, ^j,)Pa{t^) can be regarded as a random number, 
one has Ap ~ 1/^/Mn, where M„ is the number of the 
paths a. It is easy to see that Af„ increases exponentially 
with increasing n. 

To summarize, when n, the number of steps is suf- 
ficiently large, the probability for TZ to take a definite 
value of /Li at t„+i satisfies a master equation. 



Pm 



(i„+i)~^r„(Ai',M)PM'(t„). (103) 



From the definitions given in Eqs. ([M)) and (1^71) . it is easy 
to check that r„(/i',/x) > and 



^r„(^',^) = 1. 



(104) 



Some remarks: Compared with derivations of master 
equations given in the usual quantum theory, the deriva- 
tion given above has the following advantages: It is rel- 
atively simple and uses less approximations (we do not 
need to use approximations like Born approximation and 
Markov approximation). 



XI. DISCUSSIONS AND CONCLUSIONS 

In this section, we first give comparisons of the pro- 
posed theory with CHI and MWI of quantum mechanics. 
Then, we give a brief summary for the main results of 
this paper, as well as some discussions. 



A. Comparison with CHI of quantum mechanics 

In this section, we discuss relations between the the- 
ory proposed here and CHI. In CHI, the time evolution 
of a quantum system has a stochastic nature and is de- 
scribed by (quantum) consistent histories |8l-[la|. Each 
history is composed of a sequence of events represented 
by time-ordered projection operators, with unitary con- 
nection between each two successive events. The con- 
sistency of consistent histories is determined by a con- 
sistency condition. One projective decomposition of the 
identity operator is called a framework. A single frame- 
work rule must be obeyed when CHI is used, which states 



20 



that a valid description must use one framework only, 
even though other frameworks are also legitimate. 

One may note some similarities between the mathe- 
matical formulations of some main results of the theory 
proposed here and of CHI, which we list below. 

(1) A description given by a path in the theory here, 
namely, |^Q,(i)) in Eq. ((20|) . has a formal similarity 
to the contribution given by a history in CHI. 



(2) Substituting Eq. 1^ into Eq. (|60l), it is seen that 
the quantity Vaa' can be written in a form with 
formal similarity to the so-called decoherence func- 
tional V{(3,(3') in CHI Blii, 



3(")7 



,(1), 



I?(/3,/3') = Tr F£^C/(i„,i„_i)...P^;^(7(ti,io)p(io) 



C/t(ii,io)P^['---t/^(i„,i„-i)4r^l,(105) 



where /3 indicates a history and Pi of j 



1, 



denote projection operators in the history /?. The 
two quantities Vaa and I'(/3,/3) give the corre- 
sponding probabilities, respectively, in the two the- 
ories. 

(3) One of the two requirements of the principle of com- 
patible description, namely, Eq. ([38)) has the same 
formal form as the consistency condition in CHI, 
which is 



ViP,P')=Spp:V{(3,(3). 



(106) 



However, despite the formal similarities mentioned 
above, the two theories have profound differences in their 
physical contents, as listed below. 

(i) Most of the consistent-histories descriptions allowed 
in CHI do not have any corresponding description in the 
theory proposed here. The reason is as follows. In CHI, 
to have a consistent-histories description of the total sys- 
tem, the only restriction is given by the consistency con- 
dition in Eq. (|106|) related to some instants (not necessar- 
ily for all the times). It has been found that many of the 
consistent-histories descriptions do not have a quasiclas- 
sical feature [51j (see also discussions given in Ref.0). 
While, the theory proposed here has more stringent re- 
strictions to descriptions of physical states of the total 
system: (a) only R-observables can be used in the as- 
sumption of MsD to get a mixed-state description, (b) the 
non-transition condition must be satisfied around each 
branching point, and (c) the principle of compatible de- 
scription must be obeyed for all the times. 

For example, in CHI, one is allowed to use a few pro- 
jection operators related to a few instants to construct 
consistent histories, as long as the histories satisfy the 
consistency condition in Eq. (|106p for these instants, in 
spite of what may happen in the future times. How- 
ever, usually, such obtained consistent-histories descrip- 
tions do not have corresponding descriptions in the the- 
ory proposed here, because (i) the projection operators 



considered in CHI are not required to correspond to a R- 
observable in the theory here, (ii) the non-transition con- 
dition is not required to be satisfied around the instants 
considered in CHI, (iii) more importantly, the descrip- 
tions allowed in CHI do not necessarily satisfy the prin- 
ciple of compatible description, i.e., Eqs. (l551) and (PH)) . in 
all the future times. 

(ii) There is no single-framework rule in the theory 
proposed here, while, the single-framework rule must be 
obeyed in CHI to avoid logical inconsistency. (There 
have been some debates in its physical validity [30ll3]|.) 
In fact, in the theory here, the system TZ has a finest 
R-observable, with other R-observables of TZ being its 
coarse-grainings; in the language of CHI, this implies that 
there exists only one legitimate (finest) 'framework' for 
the system TZ. 

(iii) The Initial- vector-restriction may effectively break 
the time-reversal symmetry of Schrodinger equation; 
while, the time-reversal symmetry is maintained in CHI. 

(iv) In CHI, the consistency condition in Eq. (|106p is 
introduced to guarantee the validity of the sum rule of 
probability. In the theory here, the principle of compat- 
ible description states the physical compatibility of dif- 
ferent mathematical descriptions for the same physical 
state of the total system. 



B. Comparison w^ith MWI of quantum mechanics 

The MWI of quantum mechanics has two main as- 
sumptions 5-7] . Namely, (i) Schrodinger equation holds 
universally, and (ii) the state vector of the total system 
splits constantly into branches. One may combine the 
MWI and the decoherence theory to get a more complete 
picture for the time evolution, with a branch in MWI re- 
lated to a preferred (pointer) state (or subspace) in the 
decoherence theory (see, e.g., Ref.|28j). 

There also exist some formal similarities between the 
theory proposed here and the combination of MWI and 
decoherence theory. 

(1) Schrodinger equation gives the dynamical law in 
both theories. 

(2) By virtue of the assumption of MsD (Part II of the 
third assumption), the theory here gives a branch- 
ing picture of time evolution, as illustrated in Figl^l 
which has a formal similarity to that in MWI. 

(3) The concept of R-observable has a close relation- 
ship to the concept of preferred basis (subspace) 
in the decoherence theory d i, [13, [M El El [H- 
|57| . though not exactly the same (see SeclBJof the 
appendix for further discussions). 

Meanwhile, the two theories have the following main 
differences: 

(i) In the theory here, the non-transition condition 
gives an explicitly expressed condition for branch- 
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ing to happen. In MWI, there is no such a condi- 
tion. 

(ii) MWI does not have a counterpart of Part I of 
the third assumption here, namely, the principle 
of compatible description. 

(iv) In the theory here, there exists only one real world; 
the description of the world may split into branches, 
but, the real world never splits. In MWI, the world 
may split into many worlds. 

Discussions given in this section and the previous 
section show that the theory proposed here can be 
regarded as certain type of unification of CHI and 
MWI+decoherence theory [58|. However, it is not a di- 
rect unification, since the theory here abandons both 
the single framework rule in CHI and the assumption 
about the splitting of the real world in MWI. In addi- 
tion, the theory here proposes a concrete condition (non- 
transition condition) for the appearance of definite prop- 
erties, which is given in neither CHI nor MWI. 



C. Summary and discussions 

In this paper, we have proposed a quantum theory for a 
total system including one internal measuring apparatus. 
The theory is based on three basic assumptions, which 
roughly speaking have the following contents: (i) the 
Hilbert space as the state space, (ii) Schrodinger equa- 
tion as the dynamical law, and (iii) the assumption of 
MsD for vectors satisfying the Initial-vector-restriction. 
The assumption of MsD states that some pure- vector de- 
scriptions of the total system may imply the existence 
of certain mixed-state descriptions. The Initial-vector- 
restriction is a mathematical expression of the princi- 
ple of compatible description, which states that different 
mathematical descriptions for the same physical state of 
the total system must give consistent predictions for mea- 
surement results of the internal measuring apparatus. 

Loosely speaking, the proposed theory gives the fol- 
lowing descriptions for the total system. Starting from 
an initial vector, there always exists a pure vector de- 
scription |\l/(t)), given by Schrodinger equation. Usually, 
this pure vector description does not directly give pre- 
dictions for definite properties of the internal measuring 
apparatus. For a physical state of the total system that 
is initially described by a vector satisfying the Initial- 
vector-restriction, the pure vector description |^(i)) may 
be physically equivalent to certain mixed-state descrip- 
tions at some times. Such a mixed-state description may 
predict some definite property of the internal measuring 
apparatus. 

The above discussed Initial- vector-restriction imposes 
a restriction to initial vectors in the Hilbert space. It 
may effectively break the time-reversal symmetry of 
Schrodinger equation, leading to the irreversibility of 



some processes, since the time reversal of a vector sat- 
isfying the Initial- vector-restriction does not necessarily 
satisfy the Initial- vector-restriction. This result may shed 
new light in the old problem of the microscopic origin of 
the macroscopic irreversibility stated in the second law 
of thermodynamics. 

One characteristic feature of the theory proposed in 
this paper, distinguishing it from other theories, is the 
role played by the non-transition condition in determin- 
ing the existence of a definite property of the internal 
measuring apparatus. Due to this feature, it is possible 
that the proposed theory might give some experimentally 
testable predictions, which are not equivalent to the cor- 
responding predictions of other quantum theories. How- 
ever, lots of work are needed before a concrete scheme for 
experimental test can be constructed for this purpose, in 
particular, because of the difficulty of finding solutions 
ofEq.®. 

In the case that a physical state of a system may have 
more than one mathematical descriptions, the physical 
equivalency of the descriptions may have some non-trivial 
implications in properties of the system. For example. 
The Lorentz invariance in the theory of relativity and 
the gauge symmetry in the quantum field theory have 
quite rich implications. In the theory proposed here, the 
physical equivalency of some pure- vector and mixed-state 
descriptions requires Eg. ipS)) . A natural and interesting 
question is whether there may exist other non-trivial con- 
sequence(s) of this equivalency, which deserves investiga- 
tion in the future. 



Acknowledgments 

The author is grateful to A.J. Leggett, Yan Gu, Hong 
Zhao, C. Kiefer, and Jiangbin Gong for valuable dis- 
cussions and suggestions. This work is partially sup- 
ported by Natural Science Foundation of China under 
Nos. 10775123 and 10975123. 



Appendix A: A relation between trees and their 
coarse-grainings 

In this appendix, we show that, to obtain a valid 
coarse-grained tree, in addition to the coarse-graining at 
one step of a path of the original tree, modifications in 
the subsequent steps may also be needed. 

It would be convenient to write explicit dependence of 
a tree on the initial vector |\I'(io)) and on the ending time 
t, i.e., write it as T {\'^ (to)) , t) . Let us consider an inter- 
mediate time io: a-t which the tree T gives components 
1*0(^0))- Taking a component \^a{to)) as an initial con- 
dition, the subsequent evolution in the tree T {{'i (to)) , t) 
forms a sub-tree, denoted by T{\'iia{to)},t). This possi- 
bility can be seen clearly in Fig. [21 The relation between 
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the original tree and the sub-trees can be written as 

T{\^{to)},t)= [j a{to)Qr{\^M),t), (Al) 

a (til) 

where we write exphcitly the ending time of the paths a 
and use to indicate a successive relationship of a path 
and a following sub-tree. 

Let us use B to denote the next splitting point of a 
path a(io)i which takes place at a time ts and is related 
with a R-observable ^{^}; we use asit) of t G [io^^s] 
to indicate the extension of the path a(io)- For B to 
be a splitting point, the non-transition condition should 
be satisfied for the R-observable ^{^} around the time 
ts- It is easy to see that, around is, the non-transition 
condition is also satisfied for an arbitrary coarse-grained 
R-observable ^{,,} defined using Eq. (jH]). If at the point 
B we use ^{,,}, instead of ^{^}, to generate the splitting 
of the component I^^ob (*b))j we will get a coarse-grained 
sub-tree, denoted by T cd'i' an i^o)) 7 1)- Then, we get the 
following coarse-grained tree Tc for the initial condition 
l*(^o)), 

U a{to)Qr{\^M),t), (A2) 

where terms in the second line are the same as the cor- 
responding ones in Eq. (|A1|) . 

Let us compare the sub-tree T{\'$aB{to)),t) and the 
coarse-grained sub-tree Tc{\'ifaB{to)),t). They have the 
same initial condition |\I'Q,^(io)) and the same first split- 
ting time ts , but they have different R-observables at the 
splitting time Ib, namely, ^{^i} and A^j^y, respectively. 
Since A{,,} is a coarse-graining of ^{p}, the components 
of the two sub-trees at a time t immediately beyond the 
splitting time t^ have the following relation. 



l*3(i)>=7'J*5.(i)>, 



(A3) 



where we use a and Sc to denote paths in the two 
sub-trees, respectively. Usually, |*5;(i)) is not equal to 
|$5;^(t)), hence, if I'^sit)) satisfies the non-transition 
condition at a time ^2 for some R-observable, it is not 
necessary for |\['5;^(i)) to satisfy the non-transition con- 
dition at the same time and for the same R-observable. 



As a result, the second splitting points of the two sub- 
trees may be different. Therefore, a mere replacement of 
/i(is) by ?/(i_B) at the point B, without any change in 
the following steps, does not necessarily give the coarse- 
grained tree Tc(|*aB(?o)),i)- 



Appendix B: R-observable and preferred pointer 
basis 



The basic physical idea behind the concept of R- 
observable is similar to that behind the concept of pre- 
ferred (pointer) basis in the decoherence theory [2, [2^, 
H, S, [52, 113' more exactly, to its generalization as 
preferred subspace [54|. The two concepts have the fol- 
lowing main difference: The decoherence property of a 
R-observable given in Eq.® is required to have certain 
initial-condition independence and to hold when the non- 
transition condition is satisfied. In the decoherence the- 
ory, although some type of initial-condition independence 
is required in some studies of preferred basis, it is not a 
general requirement; the non-transition condition is not 
a general requirement, either. 

To be more specific, in the decoherence theory, in the 
weak coupling limit of the system-environment interac- 
tion, energy eigenstates of a system with discrete energy 
levels form a preferred basis when some condition is sat- 
isfied [4^, [53I] . While, for a quantum Brownian particle 
with weak coupling with the environment, coherent states 
have been found to be preferred states [4, 28, 55, 56] . Fur- 
thermore, in the strong coupling limit, eigenstates of the 
system-environment interaction Hamiltonian may form a 
preferred basis pTJ. Issl. ISTJ . 

Since the non-transition condition generally im- 
plies Ea. (l49l) . the weak coupling hmit of the system- 
environment interaction is a special case of what we are 
considering here. Indeed, as shown in Sec lIXl the finest 
R-observable of a system TZ with n discrete energy levels 
may be related to the energy eigenstates, similar to the 
case of preferred basis in the weak coupling limit in the 
decoherence theory. However, as shown in Sec lVIIl) the 
COM degrees of freedom of a quantum Brownian particle 
does not have a R-observable, in contrast to the case in 
the decoherence theory with coherent states as preferred 
states. 
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